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Abstract

A deformed differential calculus is developed based on an associative x-product. In two dimen-
sions the Hamiltonian vector fields model the algebra of pseudo-differential operator, as used in
the theory of integrable systems. Thus one obtains a geometric description of the operators. A dual
theory is also possible, based on a deformation of differential forms. This calculus is applied to a
number of multidimensional integrable systems such as the KP hierarchy, thus obtaining a geomet-
rical description of these systems. The limit in which the deformation disappears corresponds to
taking the dispersionless limit in these hierarchies.
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1. Introduction

Is there a common structure behind all integrable systems? There are many different types
of integrable systems: (1+ 1)- and (2+ 1)-dimensional evolution equations (such as the KdV
and KP equations), chiral and harmonic map equations, integrable dynamical systems (such
as the Halphen and Kovalevskaya top equations), integrable non-linear ordinary differential
equations (such as the Chazy and Painlevé equations) for example, and all these have
various properties associated with their integrability (see, for example, [AC]). However,
there is very little in the way of general theory, where the apparently disparate properties
of various individual integrable systems could be understood in a consistent and coherent
way. Indeed, there is no universal definition of what integrability actually is.
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One idea, proposed by Ward [W], is that such system may all be obtained from the
(anti)-self-dual Yang—Mills equations and their generalisation by a process of dimensional
reduction. For example, the KdV, NLS, sine-Gordon ad Liouville equations may all be ob-
tained from the (anti)-self-dal Yang—Mills equations with SL(2, C)-gauge groups, the only
difference being the choice of symmetry group and space—time signature [W,MS]. The key
idea is not so much the self-dual Yang-Mills equations themselves, but the existence of a
Penrose transform for such fields. Under such a transform the fields ‘disappear’ into the
holomorphic geometry (certain holomorphic vector bundles over regions of an auxiliary
complex manifold known as twistor space) [W77]. More prosaically, this provides a geo-
metric framework for the Riemann—Hilbert problems used in the construction of solutions
to the duality equations. The existence of this transform has been conjectured to be behind
the idea of integrability.

The paradigm (and the original example of such a transform) case from the (anti)-self-
dual vacuum equations [Pen]. The following formalism is due to Gindikin [G]. Consider
the following system of first-order equations depending on a parameter = {79, 71} € C*:

w'(t) =w61’6‘ + - +a),£rl",

2 2
() =GR 4+

where wj are 1-forms. Let .Qk(r) be the bundle of 2-forms,
(1) = 0" () AP (T) 4 -+ &P (1) A 0P (1),

satisfying the conditions:

— the (p + 1)th exterior power of £2% vanishes:

— the pth exterior power of £2¥ is non-degenerate;

- d*() =0.

The bundle of forms then encodes the integrability of the original system. In the special
case k = 1, p = 1 the metric defined by

12 12
& = Wy — Wiy
has vanishing Ricci tensor and (anti)-self-dual Weyl tensor. The form 2 is related to various
structures on the corresponding curved twistor space.
One major problem with this geometric approach to the understanding of integrable
systems is to find how systems such as the KP equation

Qu; — 12uuy — Uxxx)x = 3“)’)‘

fit into the scheme. There have been various attempts, some erroneous, to do this, the
problem stemming from how to give a geometrical description to the pseudo-differential
operators used in the derivation of the KP equation and its hierarchy. However, though there
are problems with the KP equation itself, these problems vanish in a particular limit (the
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dispersionless limit) of the KP equation and one obtains a geometric description of this
limiting case. Explicitly, let

X =€x, Y =€y, T =et,
UX, Y. T)=u(x,y,t),

then the KP equation becomes, in the limit € — 0 the dispersionless (or dKP equation):
AUt — 12UUx)x = 3Uyy.

This also is integrable, but the description does not use pseudo-differential operators but a
more geometrical description in terms of vector fields and differential forms.

The central idea of this paper is the development of a deformed differential calculus based
on an associative «-product and its application to the theory of integrable systems. One will
obtain an elegant description of the KP hierarchy in terms of vector fields and differential
forms rather than the more usual pseudo-differential operator formalism. The advantage of
this approach will be twofold: firstly, one retains a geometric description, so, for example,
one can go to a dual description in terms of differential forms; secondly in the limit in which
the deformation disappears one recovers the dKP equation directly without the need of the
somewhat singular limit outlined above.

This deformed calculus with be derived in Section 2 and used in Section 3 where various
examples of multidimensional integrable systems (an integrable deformation of the (anti)-
self-dual vacuum equations, the KP hierarchy and the Toda hierarchy) will be studied. It will
turn out that all these systems may be written in terms of a 2-form {2 satisfying the equations

in analogy to Gindikin’s bundle of forms. In Section 4 the geometry of the KP hierarchy
will be examined in more detail. This work raises a number of further questions, some of
which are outlined in Section 5.

2. Deformed differential geometry

A Poisson manifold M is endowed with a bilinear skew-symmetric Poisson bracket

defined, for u, v € C>*(M), by
.. du dv
= lj—_——, l
{u,vlpg = @ 5% ax) (D

and with the additional property that

{{f. g}, hlpe + {{g. 2}pB, flpB + {{%. flpPB. 8}PB = O,

this begin known as the Jacobi identity. Further, it will be assumed that M is a symplectic
manifold, that is a Poisson manifold for which the matrix "/ is of maximal rank. It follows
that the dimension of M must be even, so

dim(M) = 2N
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for some integer V. It will be assumed that '/ is constant and that a basis has been chosen
in which

- 0 Iy
i— ]
¢ (— In 0)
This structure may be used to define a deformation of the above Poisson bracket. For
u, v € C*°(M) one defines a new product
£l L 2 Y uw)|
* Y = €X —wW' 11U VX =
MRV P29 x5 x=t
or, on expanding the exponential

X, &’ Fu v

— Uy isJs
utvﬂ;zss!w @ Axit ... 9xis 9xdr .. Jxds’ @)
With this the deformed, or Moyal bracket, is defined as [Mo]
U*xVU —UVxy
vy = ———. 3)
K

Lemma 1. For constants ¢ and functions u, v € C*°(M):

(a) limy ,ou * v = uv,

(b) ¢c*u =cu,

(c) = is associative,

(d) lim, . o{u, v} = {u, vips,

(e) {u, v} is bilinear, skew-symmetric and satisfies the Jacobi identity.

Proof. Straightforward from definitions (1) and (2). Note that the Jacobi identity follows
from the associativity of the *-product. ]

The original motivation for the introduction of such a bracket came from a description
of quantum machanics using phase space variables [Mo]. Here « is replaced by —i#, and
h — 0 corresponds to taking the classical limit.

It is necessary to introduce another product. For 4, v € C*°(M) define

0 2s 9 2s u 32s v

K it 2 j2s
V= —_— ' w s n S — . 4
“e §22x(2s+1)! BxTl X% it - gxd )

Lemma 2. For constants ¢ and function u, v € C*(M):
(a) uov=vou,

(b) cou = cu,

(¢) limy ouov =uv,

(d) o is not associative,

() 2d(kuov)/de =uxv+vx*u.

Proof. Again, these results follow from definitions (2) and (4). d
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With this o-product a deformed, or quantum, differential calculus will be constructed. A
similar calculus has recently been constructed by Fedosov [Fe] using the x-product rather
than the o-product. The reason for the introduction of the new product will become apparent
later (the motivation coming from the application of this calculus to multidimensional
integrable systems) and rests on the following result.

Proposition 1. For u, v € C°(M),

s OU OV
ox’  oxS

= {u, v}.

Proof. Follows from definitions (3) and (4):

s OU . dv
ax”  0x’
o] 2s 2s+1 2s+1
=Z__L__wi|j1 sl s d u i 9 v
22525 + 1! Oxil - 3xzs3x” dx - JxS2s Qs
00 2s+1 2s5+1 2s5+1
— % Z K L it s d u. _ 9 v_
K = 223+1(2s + D! Oxi - xizs+t Gxdr oL QxS
U VYV —VU*U
- (__.) — ().
K
In the limit « — O this reduces to definition (1). 0

In the simplest case (N = 1) these formulae may be easily rewritten using the explicit form

of @'/, coordinates x! = x, x? = y:

o0 K_s S . s e . .
u*v=Zzss‘Z(—l)1 (j)aj T3Judiay v, &)
s=0 T j=0
uov:i—z—lxz;—i(—l)j (2,S)afs‘fa£ua,{a§5‘fv, (6)
S s + D) & j ’
i K2s+l
v}y =2 s
254 (25 + 1)
25+1 L . ,
x Y (=1)/ (2“,”)af”‘”faéua,{am‘-fu (7
j=0 / '

for functions u(x, y), v(x, y) € C®°(M).

Example 1. Let M = T2, the 2-torus. Functions on 72 may be expanded in terms of basis
functions

em = expi(mix +may).
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With these one obtains from (5)—(7):

1
em *x ey = exp(zK(m X n))emin,
{ém, en} = sinh %K(m X M)emtn,
sinh %K(m X n)
€m O€p =L———————Emxn>

Kk(m x n)

wherem x n = mon| — mns.

Given such a symplectic manifold and product one may define tangent and cotagent
bundles T M and T* M, the inner product between basis elements (3/3x') and dx/ being
given by

a N
<f, dx > =8/
ax! !
The first difference is the formula for the inner product between general elements X € T, M
and w € Ty M,

9 . : 9 .
(X, w) =<X'——.,wjdxf>,: X! owj<—A. dxk>,=X' ow;,
ox! ax!

i.e. the multiplication being done with the o-product. Similarly, given a vector field X and
functon f one defines

Xf=Xo ﬂ (8)
ax’
again using the o-product. The general procedure should already be apparent: the only
change to the standard, or undeformed, theory is when objects are combined, this being
done with the o-product. Thus in the ¥ — 0 limit the standard theory is recovered. One
may extend this new calculus to general tensor fields. However the extension to an exterior
differential calculus is of more interest.
The d-operator, which maps r-forms to (r + 1)-forms is defined as normal. For example,
given a (-form (i.e. a function) the |-form d f is defined by the relation

(X.dfy=Xf
for all vector fields X. From this follows the formula
of
d = _—
f ax’
The wedge product combines forms and so this will be done using the o-product, Explictly, if

dx’.

A=A dxl Ao A dxr,
B=Bj .. dx/' Ao A dih,
then

AAB = Ajj iy o Bjpjjdx Ao A dx? A dxdt A A dide
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Example 2. Suppose dim M = 2 (i.e. N = 1). Then for functions f(x, y),g(x,y) €
Cx®(M),

df = frdx + fydy, dg = gy dx + gydy

and hence
df Adg=(fxogy— fyogx)dx Ady,={f gldx A dy.

Note that this uses the symmetry property of the o-product. Care must be taken in higher
dimensions since, as the o-product is not associative, A A (B A C) # (A A B) A C for
arbitrary forms A, B and C.

Having defined an exterior differential calculus one may define another intrinsic differ-
ential object, namely a Lie derivative Ly corresponding to some vector field X € T M.
On functions

Lxf=Xf

and on vector fields

R RNC) SERD. &
LxY)Y =X oaj—. Yow.
This will also be written as LxY = [X, Y], and called the commutator of two vector fields.
Using the symmetry of the o- product it follows that the commutator is antisymmetric. One
may extend the definition to more general objects such as tensor fields in such a way that

the theory is consistent. For example, for any p-form @ and vector field X,
d(Lxw) = Lx(dw).
Normally one has the relations

[X.Y1f = X(Yf) + Y (Xf) =0,
(X, Y1, Z] + [V, Z], X] + [[Z. Y], X] = 0.

The proof of these results uses the associativity of normal (i.e. underformed) multiplication,
and so do not hold for the deformed definitions based on the non-associative o-product.
However for an important class of vector fields these results do hold. Given a function f €
C(M) (the Hamiltonian) the corresponding Hamiltonian vector field X is defined by
g of @

Xr=0o" Py 9)
Strictly speaking these are local Hamiltonian vector fields, Hamiltonian vector fields having
to be defined globally on M.

Lemma 3. For functions f, g, h € C*(M) and corresponding Hamiltonian fields X ¢, X,
and Xp:

(@ Xrh=1{f h},
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(d) [Xr, Xol = Xif,g)
©) [Xf, Xglh = X (Xgh) — Xg(Xsh),
@) ([Xf, Xel, Xn] + [[Xg, Xpl, X¢] + [[Xp, Xf), Xg] = 0.

Proof.
(a) Follows from definitions (8), (9) and Proposition 1.
(b) We have
: ¢ )¢
i __yJ 8§ v/ f
(X7, Xg] _Xfoaxj Xgo——axj
= a)kji o —a— W 9g
axk  Ox/ dx”

D (L
axk  xJ ax’
.0 cof ag .
i kj v Y8 —y!
@ ax’ <a) axk © axj) X{f.g}‘

This uses the antisymmetry of '/ and the symmetry of the o-product.
(c) We have

[Xr. Xelh=X(re1h = {{ [, 8}h}
= (. (g h)} — 8. Lf. B} = X7 (Xgh) — Xg(Xh).

This uses result (b), the Jacobi identity for the Moyal bracket and the antisymmetry of
the Moyal bracket (Lemma 1).
(d) Follows from the Jacobi identity for the Moyal bracket (Lemma 1). a

Example 3. For two-dimensional manifolds AM? these Hamiltonian vector fields generate
the Lie algebra of area preserving diffeomorphisms of the manifold where the area element
is dx A dy and the composition of two Hamiltonian vector fields is defined to be the Lie
bracket of these fields. Explicitly, the field X generates the infinitesimal transformation
x = x —€fy, y = ¥y + efy. This Lie algebra will be denoted by sdiff, (M?3).

The differential objects constructed have been intrinsic to the manifold. One should
be able to introduce a connection on M and define a covariant differentiation and hence
curvature. A similar programme has been carried out using the x-product by Vasiliev [V].
However for the application of this calculus to the theory of integrable systems such a
structure will not be required.

This =-product is essentially unique. For a product

frg=fe+) €0 (f 0
r=I1

(where the Q, are bilinear differential operators) to be associative places strong restrictions
on the type of higher-order terms that may be added. Further, the requirement that the bracket
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defined by {f, g} = (f *g — g * f)/« should reduce to the Poisson bracket in the x — 0
limit introduces further restrictions and from these considerations follow various results on
the uniqueness of the Moyal bracket [A,BFFLS,F1]. However these uniqueness results only
state that any such deformations are equivalent to the Moyal bracket; there are apparently
different structures which, after various changes of variable, become the Moyal bracket.
For example one may define the following associative *-product (in the N = 1 case):

o0 S5 F oS
frg=3 % fo°8 (10)

_| K s
= st ox ay

This also defines a bracket
* — *
[f,g]/:f_g._g—f’ (11)
K
which reduces to the standard Poisson bracket in the x — O limit. This new bracket will be
called the Kupershmidt—Manin bracket [K,Ma]. As above, one may define a corresponding
o-product

o0 Ks Ry B B
fog:Z(S+l)' > aTmar oo, (12)
s=0 “m=0
so that
du av
rs _ ’
5x_’ ° axs (/- 8}

and hence an equivalent deformed differential geometry based on these new structures. The
form of the x-product is somewhat simplier then that given by (5), though the dependence
on the sympletic structure of M is less transparent. The importance of these new products
comes from their relationship to the algebra of pseudo-differential operators. A pseudo-
differential operator P is an operator of the form
finite
P= 3 a0,

j==o0

where the multiplication of two such operators uses the generalised Leibnitz rule

X mm—-1)---(m—k—-1
m m E: k  am-—k
d"a = ad +k0 X! d%ad .

The set of such operators will be denoted by P. The symbol of a pseudo-differential opeator
is a function of two variable defined by

finite finite
sym(z aj(x)af) = Z aj(x)yj.

=00 j=—00

It has the important property that for all P, Q € P

sym(P Q) = sym(P) %=1 sym(Q),
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where *,=| denotes the »-product (10) evaluated at ¥ = 1. It follows from this that

sym([P, Q]) = {sym(P), sym(Q)}._,,

where [P, Q] = PQ — QP. Thus one may replace pseudo-differential operators and
its corresponding algebra by functions of two-variables where the composition of two
functions is done with the Kupershmidt—Manin bracket evaluated at x = 1. More details of
these algebraic properties may be found in [F-FMR]. Using the ideas developed above one
may give these pseudo-differential operators a geometrical interpretation.

Theorem 1. Let 'H be the space of Hamiltonian vector fields (where N = 1) whose
Hamiltonians have Laurent expansions in the variable y,

finite .
H=1{Xp:f= Z aj(x)y’ ¢ .

j=—00
Then the map
¢ : P/{constants} — H
given by
((P) = Xsym(P)
is an isomorphism. Moreover

[([P9 Q]) = [Xsym(P)’ Xsym(Q)] = X[sym(P).sym(Q)}

=t
where the Lie bracket of vector fields is evaluated using the product o,—| given by (12)

evaluated at k = 1.

Proof. Straightforward. Given a Hamiltonian vector field one can construct the correspond-
ing Hamiltonian (up to a constant) and hence a pseudo-differential operator whose symbol
is the Hamiltonian. Conversely, ((P +c¢) = «(P) forall P € P. The last part of the theorem
follows from the properties of the symbol map. o

The set of Hamiltonian vector fields clearly forms a Lie algebra under the composi-
tion defined by the Lie bracket. One may define the adjoint representation as follows. For
functions f, g, F € C*®(M) define

ad(f)g=1{f.g). Ad(F)g=FwxgxF'
the connection between the two coming from the deformed exponential

00
1

exp, f=1+ —fx--xf.

“ VIZ:(:)n'h—,_J

n—terms

So, if F =exp, f,

Ad(F)g = exp,(ad(f))g
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(this uses the Baker—Campbell-Hausdorff formula). On vector fields,
ad(Xf)Xg = Xifgh Ad(F)X, = XF*g*F—I.

These will be used in Section 4 to describe the dressing properties of the KP hierarchy.
The residue of a pseudo-differential operator P = Y _ a,3" is defined by

res(P) =a_,.

It follows that
1
res(P) = res(sym(P)) = > f sym(P)dy,
i

where the residue of the function sym(P) is the normal residue, regarding sym(P) as
a complex function of y. The residue has many uses, in particular in the study of the
Hamiltonian properties of integrable systems.

3. Applications to integrable systems

In this section a number of multidimensional integrable systems will be studied using the
geometric structures developed in Section 2. It will be shown that these systems may all be
written in terms of a 2-form £2 which satisfies equations

df2 =0, N2A=0.

These equations encode the integrability conditions for these systems in an elegant geometric
manner.

Let M be a sympletic manifold with some associated *-product. In applications one will
require an extended manifold

M=MeoT

where T consists of an extra set of coordinates (for example the ‘times’ in a hierarchy
of evolution equations). The manifold M may be thought of as a phase space and in
the applications considered here this will be two-dimensional. The x-product extends to a
product on M by
a
u(x,t) * v(x, ) = exp (m! FW) u(x, HvE 0|, _.
(where x = {x'} are coordinates on M and ¢ are coordinates on 7'), that is, the dependence
on the coordinates on 7 is s ignored. The differential calculus outlined in Section 2 similarly
extends to the manifold M One difference is that X will refer to a Hamiltonian vector
field on M whose Hamiltonian function depends on the coordinates on M,
ij0fe,t) @
Yo axd
ie. a time dependent Hamiltonian vector field on A, where the ‘times’ are the
coordinates on 7.

Xf=
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3.1. The anti-self-dual vacuum equations

The anti-self-dual vacuum equations govern the behaviour of complex 4-metrics of sig-
nature (+, +, +, +) whose Ricci tensor is zero and whose Weyl tensor is anti-self-dual.
Since these curvature conditions are invariant under changes of coordinates there are many
ways to write these equations. One particular form of the equations uses the face that such
metrics are automatically Kéhler and so may be written in terms of a single scalar function
£2, the Kihler potential. The curvature conditions then give the equation governing the
potential (known as Plebanski’s 1st Heavenly equation [P1]):

3202 92 022 320

— = 13
dxdx dydy 0xdy dyox (13)
The corresponding anti-self-dual Ricci-flat metric is
2
g(82) = PP, dr'dx’/, ¥ =x,3 x/=x,y. (14)

This equation can, in principle, be solved using a Penrose transform — the orignal non-
linear graviton construction [Pen]. Although not realised at the time, the existence of such a
transform makes (13) into a completely integrable system, an important, and rare, example
of a multidimensional integrable system. As such it has all the properties one would expect
of such a system, an infinite number of conservation laws [S93] and an associated hierarchy
[S95b], for example. A Lax pair for this equation was derived by Newman et al. [NPT]
and later interpreted by Park [Pa] as that for a two-dimensional topological chiral model
with gauge potentials in the infinite-dimensional Lie algebra s diff (M?) for some two-
dimensional manifold M.
The equation may be written as

{$2¢, 2,)pB = 1,
where the Poisson bracket is defined by

{f.8lpB = fz8; — f58:-

The equation that will be studied in this section is an integrable deformation of this equation,
where the Poisson bracket has been replaced by the Moyal bracket (3)

(2., 2,) =1 (15)

The space M will have coordinates {x, y} (with composition using the products (2) and
(4)) and the space 7 will be taken to be R? (or possibly C?) with coordinates {x, y)}.
This deformed system (15) will be studied using the deformed calculus developed in Sec-
tion 2. It will turn out that it shareS'many of the features and properties of the underformed
system (13).
Let 4 and V be the following vector fields on TM:
a

a
U=xr—+ Xy, V=ri—+4+X,,
3x+ 4 3y+ £
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where A € CP! is a constant known as the spectral parameter. The system of equations for
the function ¥ € C®°(M),

U) =0, V) =0
(or, equivalently,
M+ (£} =0, My+{g.9)=0),
is overdetermined unless the integrability condition
U, Vi=0

holds. Here [ , ] is the Lie bracket of vector fields. If these equations are satisfied, then
one has two independent solutions L and M for i which satisfy the equation {L, M} = 1.
Note that the above equations may be written in the following ways:

UL)=UM) =0, V(L) =V(M)=0
or
U, dLy = U, dM) =0, (V,dL) =(V, dM) = 0.
The above integrability conditions are satisfied if the functons f and g satisfy the equations

fy —8x =0, {figl=1

The first equation implies the existence of a scalar function £2 such that f = £2,, g = £2,
and with these the second equation becomes the deformed Plebanski equation (15). This
shows that this may be interpreted as a two-dimensional chiral model with gauge potentials
in the Lie algebra s diff (M?).

In [S92] the vector fields I/ and V were interpretated as operators:

2s+1
U= Aax_+_z:22s+l(2s_+_ l)l

2541

x Z( Y (2” 1)8-s+“"3§f8£8§”1“f,

K2x+l
V=23 + Z 225+1(29 + !

2s+1

2 1 PP .
XZ( 1)1( S+ ) 2s+1 Ja;gaé §X+l j

The geometrical approach used here is much simplier, and the manipulations using the
o-product which lead to Eq. (15) are almost transparent, deviating very little from the
underformed calculation which leads to Eq. (13) (to achieve such a result was one of the
original motivations in the development of the deformed calculus). Another advantage of
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the geometrical over the operator based approach is that one can go over to a dual description
in terms of differential forms on 7*(M).
Let {2 be the 2-form
=dxAdy+A2;5dx A dX + 2,5dx A dy + £2,zdy A dX
+2,5dy A dF) + A7 dE A d5.

This clearly satisfies the condition d§2 = 0, and in addition

A2 =225 0 2yy — 2,5 0 2yz — Ddx A dF A dy A d§
=32({2. 2,) — Ddx A dE A dy A df
=0

by virtue of (15). Thus the Lax pair, and hence the integrability of this deformed system is
encoded into the equations

df2 =0, 2nA02=0.

Further properties of this system have been found. In [S92] a perturbative solution in
powers of ¥ was constructed. On writing

0
2= k"2,
n=0

one obtains Plebasnki’s equation (13) for §2¢ and an infinite number of linear equations for
the £2,,, n > 0, of the form

O0y82: = SnlS2, ..., 82,-1), n=12,...,00.

The operator Og; is the wave operator on the space—time given by the metric g(§2) given by
Eq. (14) and the function S, is some known function of its arguments. A similar procedure
may be applied to a Moyal-algebraic deformation of Plebanski’s 2nd heavenly equation
[PPRT]. In [C] a symmetry reduction of this system was studied and in [T94a] the dressing
transform (using a Riemann-Hilbert factorisation in the corresponding Moyal loop group)
was constructed. As mentioned earlier, one may study the conservation laws, symmetries
and hierarchies associated with Plebanski’s equation and these results still holds, under the
replacement of the Poisson bracket by the Moyal bracket, for the deformed system (15).

A slightly more general framework may be achieved by observing that the vector fields
dx, dy, Xy and X, which make up the vector fields / and V all preserve the volume form
w = dx A dy A dx A dy on M, as in the construction of self-dual metrics [MN].

3.2. KP hierarchy

The KP hierarchy is defined as follows. Let £ be the pseudo-differential operator

o0
L=3+) up(x,007",

n=1
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wheret = {t, t2 . ..}. The evolution of the fields u, (x, t) with respect to the times ¢ is given
by the Lax equations

g§=wmq (16)

where
B,=[L"y, n=12...,00

and [O], denotes the projection onto the purely differential part of the pseudo-differential
operator O. Similarly, [@]_ denotes the projection onto purely negative powers, so
O0=0,+0_.

Let the coordinates on M be {x, A} and times# be coordinates on 7 . The x- and o-products
on M will be given by Egs. (10) and (12) evaluated at x = 1, and the / will be dropped
on the corresponding bracket for notional convenience. Taking the symbols of the above
operators gives the following functions on M:

oo
L=sym(L)=A+Y up(x, 0", B, = sym(By).

n=1

Note that
sym(L") = sym(L) #e=| * - - =1 sym(L)

(which does notequal sym(£)") which Kupershmidt [K] denotes by L*" (see also [F-FMRY]).
The Lax equation (16) becomes the vector field equation

L.(L)=0, n=12,...,00. (17

Here L, € Tﬂ is the vector field
a3

" ar,

and the operations are performed with « = 1. At this point this condition will be dropped,

thus obtaining a «-dependent KP hierarchy. The Lax function L remains unchanged, but
the B, acquire « dependence, since they are now defined by the formula

Ln - XB,,

B, = [L*n]+

(and so reduce to the previous definition if ¥ = 1), where  denotes the projection onto
non-negative powers of A. This has the advantage that one may recover the dispersionless
KP hierarchy in the ¥ — 0 limit without the need for rescaling variables.

Example 4. The first few equations in the «-dependent KP hierarchy (17) are [K90]:
By =2,

By =A% + 2us,
By =A3 4 3hu; + 3uz + 3kui x,
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which leads to the evolution equations

Ul = 2up « + KU xx,
U, = 2”3,x + 2ulul,)( + kU2 xx»

2
Uy =3u3 ¢ +O6uruy, x + 3kcuz xx + KUY xxx

(the ¢y-flows are trivial). These show the x-dependent terms. On eliminating u> and u3 one
obtains the KP equation

2
(Auyy — 120107 x — K Uy xxx)x = UL o, -

One may obtain an equivalent KP hierarchy by using the Moyal »-product and bracket rather
than the Kupershmidt—Manin «-product and bracket [K,S95a]. One obtains the functions

By =4,
BZ=A2+2u1,
By =2 4 3hu; + 3un

(x-dependent terms only appear in the B, for n > 3) and evolution equations

Uiy =2u2,x,
Uz =2utu x + 2U3 x,
2
Ui =6u Uy x +3u3c + FK7UL xxx.
This system also leads to the KP equation on eliminating «, and u3, and on redefining the
fields it is easy to see that these two systems are equivalent. Note that in both cases the limit

x — 0 one obtains the dispersionless K P equation directly without further rescaling of the
variables.

An alternative form of the KP hierarchy is based on the zero-curvature conditions (which
follow from the Lax equation (16))

0B, dBn
- B, Bn] =0,
3[," 3[,, +[ n m]
or equivalently
dB, 0Bpn
— B, B} =0. 18
o, on + {Bn, Bn) (18)

Note that this is the condition of the vector fields L, to commute, [L,,, L,] = 0 for all
mn=1,2,...,00.
These zero-curvature relations may be encoded in a 2-form {2 defined by

o0
02 =din dx+ZdB,,/\dt,,.

n=2
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This form satisfies the following equations:
d2=0, N22A82=0.

The first is obvious. One has to be careful in evaluating the second equation (see Example 2),
but one obtains

0ty oty

NAR= Z

m,n=2

> [4B, 0B
[ 2 ~ +{B,, B,,,}] di A dx A diy A dr,

and hence §2 A §2 = 0 if and only if the zero-curvature relations (18) hold. The geometry
of the KP hierarchy will be discussed further in Section 4.

3.3. Toda hierarchy

The definition of this hierarchy is very similar to the definition of the KP hierarchy. The
Lax operator is

o0
L=¢+ Z up(x, t)e™"?
n=0
(note the range of summation) and the evolutions of the fields are given by the Lax equation
aL
— =B, L],
o [Bn, L]

where
B,=[L"4, n=12 ...,

and [O]+ denotes the projection onto positive powers of e? of the pseudo-differential op-
erator . The operator e? acts as a shift operator,

e f(x) = f(x +n).

The geometric description of the hierarchy is obtained in the same way as above. Taking
symbols of the operators give

o0
L=sym(L),=¢e* + ZC_"A,
n=0
B, =sym(B,)

and the above Lax equation becomes

oL _ {Bn, L} (19)
aL, T
Once again the condition ¥ = 1 will be dropped, so composition will be done using the
Kupershmidt—Manin x- and o-products (10) and (12), so now the B, are defined by the

equation B, = [L*"]; where ; dentoes the projection onto non-negative powers of e*, as
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in the «x-dependent KP hierarchy. In the limit « — O one obtains the dispersionless Toda
hierarchy. One difference between the hierarchy and the KP hierarchy is that the evolution
equations for the fields contains an infinite number of «-dependent terms. However these
may be recombined in terms of shift operators, as the following example will show.

Example 5. One possible truncation of this hierarchy is to set , = 0 for n > 2, so that

L=e'\+u0+u1e_'\, Blze'\+u0.

The evolution equations for the fields ug and u; are given by

oL
— ={By, L},
o {By, L}

where the bracket is the Kupershmidt-Manin bracket (11) and, for greater generality, the
« = | condition has been dropped.
This gives the equations

[« -
uo,r(X)zz[Z%aj—l}u,(x)z“‘(x «) “l(x)’

s=0 Kk

up(x)=
K * K

Ui (x) [1 - i (= 1) as] oty = L) ~ totx — )]
s’
s=0 :

and on eliminating uo one obtains the Toda lattice equation

ur(x +u) —2up(x) +uj(x —«)
K2 ’

(logui(x)y =

Instead of using the Kupershmidt—Manin bracket one could use the Moyal bracket. This
gives the slightly different equations

2| ¢ K25+l 2s5+1
w0 ==Y 3% Uy (x
0= §22s+1(2s+1)! * 1)

I
” [un(X+%K) —ui(x — %K)],

ZMI(X) o0 K2s+| ,
= 2 = st
U1 (x) K |:S=0 22+ 2s 4+ “o(x)

= u;l— [u()(x + %K) —up(x — %K)] .

On eliminating u(o one again recovers the Toda lattice equation. Note that with the
Kupershmidt—-Manin bracket one obtains a forward/backward difference operator while
the Moyal bracket gives a central difference operator. In both cases « acts as the lattice
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spacing and as k — 0 one recovers the dispersionless Toda equations (since both these
brackets are deformations of the Poisson bracket)

Ug,r = U x> Ul = UTUQx-

Some of the properties of this system and its hierarchy may be found in [K85,FS].

As with the KP hierarchy, the Lax equation (19) is equivalent to a set of zero-curvature
relations for the B, and these may be encoded into a 2-form £2 which satisfies the equations

df2 =0, NPA=0

in exactly the same way as was done for the KP hierarchy.

4. Geometry of the KP hierarchy

The main result of the section is to show how a solution of the KP hierarchy may be
associated to a solution of a Riemann—Hilbert problem in the Lie group S Diff, (M?) (the
Lie group corresponding to the Lie algebra s diff, (M?). Explicitly, given a map

x fx, k)
(k) "~ (g(x,k)>

with { f, g} = 1 then this map factors, so there exists a map

(o) (i58)
Q g(P, Q)

where the right-hand side is analytic in & (the notation S_ will be used to denote the part
of the Laurent series S consisting of negative powers of & only). The results derived in
Section 2 enable existing results on the KP hierarchy to be lifted whilst furnishing them
with a geometrical interpretation (the definitions of the manifold M and - and o-products
will be the same as in Section 3.2). In this section x = 1 and the x-symbol on the exponential
exp, will be dropped. The main results of this section are due to Takasaki and Takebe [TT].

A more careful analysis is needed for x # 1.
More fundamental than the Lax operator L is the operator W defined by

o)
W=1+ ana""
n=1

with which the Lax operator is defined as
£L=wiw "
The evolution of the fields w, are given by the equation

ow
aty,

= B,W - W3"
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from which follows the Lax equation (16). On taking the symbols of the operators one
obtains

20
W=sym(W) =1+ Zw,,k'",
n=|\

L =sym(L) = Ad(W )k.
The Orlov operator M is defined by [GO]

o0

M= W( nt, 0" +x) w-!

n=1

or, equivalently, by
M = sym(M) = Ad(W explt(k) ) x,

where t(k) = D> ;2 | thk™.

Lemma 4. The pair (L, M) satisfy the equations

aL aM
— ={B,.L}.  — ={By. M}, L. M}=1.
o (B, L} Py {Bn. M} {L. M}

Conversely, given such a pair then there exists a unique dressing function W so that
L = Ad(W)k and M = Ad(W explt(k)])x.

Sucha (L, M) pair will be said to satisfy the KP hierarchy. The first two of these equations
may be re-written as vector field equations:

(a’n _XB")L:O, (af,, ‘_‘XB")MZO,
or alternatively, using the inner product { , } between vector fields and forms, as
(0, — XB,, dL) =0, (3, — Xp,, dM) =0

forn =1, 2,..., oo. These functions (L, M) will play the analogous roles to the coordinates
on the twistor surfaces in the non-linear graviton construction.

The next theorems show how such a pair is related to a Riemann-Hilbert factorisation
problem. The first one shows how a solution to the Riemann—-Hilbert problem defines a
solution to the KP hierarchy and the second one shows the converse.

Theorem 2. Suppose one has functions
L = Ad(W)k, M = Ad(W explt(k)])x

(with {L, M} = 1). Then for any pair of functions f(x, k), g(x, k) (with Laurent series if
{fgl=1.  fM,L)-=0, gWM.L).=0,

then the pair (L, M) satisfies the KP hierarchy.
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Theorem 3. If the pair (L, M) satisfies the KP hierarchy then there exist functions f, g
such that

{f.et=1 fM,L)_ =0, gM,L)_ =0

The proofs are basically identical to the proofs in [T T], the only difference being that here
they are reformulated in terms of the deformed geometric structures rather than in terms of
pseudo-differential operators, One may also prove the uniqueness results for the solution
(L, M), at least in the neighbourhood of the trivial solution (%, x).

One outstanding problem is how to relate the 2-form §2 to the pair (L, M). In the dis-
persionless limit one has (for all the systems discussed in Section 3) a relation

2 =dL A dM.

However, the proof of this result relies on the associative property of normal multiplication
which no longer holds for the deformed o-product. It may be that this result still holds, for
example, the obstruction might vanish due to the relation {L, M} = 1. This problem, of
how to understand the direct relation between the pair (L, M) and f2 is currently under
investigation.

5. Comments

In summary, the three classes of integrable hierarchy discussed in Section 3 may all be
formulated in terms of vector fields V; which preserve a volume form

o0
w=dx A dy/\/\dt,,
n=1

(or w = dx A dy A dx A dy in the deformed anti-self-dual vacuum equations) on M,
together with function (L, M) which satisfy the equations

Vi(L) =0, ViiM) =0,
or, in terms of the inner product between T M and T* M,
(Vi, dL) =0, Vi, dM) =0

with the functions L and M being independent:; {L, M} = 1. A dual description also exists
for all these systems in terms of a 2-form £2 on M satisfying the equations

dn2 =0, 2A802=0.

The precise relationship between these two dual descriptions requires further investigation.
In all cases the solutions are encoded in a Riemann—-Hilbert problem in the corresponding
loop group.
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This work raises a number of further question. For example, it should be straightforward
to examine the symmetries of these integrable systems using these methods, with the Hamil-
tonian vector fields playing the role of the symmetry generators (see, for example [T94b]).
This would provide a geometrical description of various W, and Wkp algebras. One use of
such symmetries is in the construction of a constrained KP-hierarchy. One example of this
contains the KdV hierarchy, However, the KdV hierarchy has been shown to be a reduction
of the self-dual Yang—Mills equations (and its generalisations). Thus there are two way of
looking at the KdV equation: one based on the Yang—Mills self-duality equation and one
based on the deformed differential geometry constructed in Section 2. Precisely how these
two seemingly different constructions are related deserves further study. In connection with
this is how to understand the non-local nature of the Riemann-Hilbert problem for the KP
equation compared with the local one for the KdV equation [AC,M].

All the examples of integrable systems in this paper have used Hamiltonian vector fieds in
their construction. Are there any systems which use more general, non-Hamiltonian, vector
fields? The property of commuting flows for these hierarchies can be traced back to the
Jacobi identity for Hamiltonian vector fields, so any hierarchy based on non-Hamiltonian
vector fields might lose this property.

One possible use of this deformed calculus would be to develope a theory of deformed
(or quantum) twistor spaces (which would encode the Riemann—Hilbert problems in the
Moyal loop group) more axiomatically. One obvious place to start is to deform the sympletic
structure on the fibres of the non-linear graviton’s twistor space. An observation that might
be of use is that »-product do exist on the complex manifold CP3 and other complex coset
spaces. This suggests that one should develop a deformation theory (in the sense of Kodaira)
of such spaces. Such ideas, however, are outside the scope of this paper.
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Note added in proof

Since this paper was written a number of other papers have appeared. In [PP] and [G-CPP]
the Moyal deformation of self-dual gravity has been studied using a chiral model approach
and in [S96] it was shown that the Toda lattice is a reduction of this Moyal deformed self-
dual gravity, a result analogous to the reduction from the standard, underformed, self-dual
gravity equations to the Boyer—Finley equation. Other notable papers are [Ke], [KeS], [DM-
H] and [R], which develop various connections between discrete systems, geometry and
associative «-products.
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